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Abstract 
 
Understanding the acoustic field radiated by finite-amplitude sources such as rockets and 
jets can be important for assessing the impact on involved structures and surrounding 
communities.  Near-field acoustical holography (NAH) can be used to image source 
radiation. However, this technique, based on linear equations, does not account for 
nonlinear behavior. A propagation algorithm that accounts for nonlinear effects is used to 
propagate a broadband waveform in one-dimension.  The waveform is then reconstructed 
at various distances using NAH.  The errors are presented and discussed for several 
amplitude cases. 
 
I. Introduction 
 
 Jets and rockets are an integral 
part of the advancing world of defense 
and aerospace technology. As they 
continue to become more powerful and 
valuable to our nation, noise problems 
could easily become worse than they 
currently are. Peak pressure levels from 
a rocket launch could easily be on the 
order of 10,000 Pa or one tenth of 
atmospheric pressure.  Therefore, 
increased care must be taken to protect 
the surrounding community and 
environment from the harmful noise 
pollution.  
 Additionally, the high-amplitude 
pressure fields have an enormous impact 
on the structural integrity of the launch 
equipment and even on the aircraft itself.  
In order to determine the impact of the 
noise and structural vibrations, the 
characteristics of the sound source and 
general behavior of the acoustic 
radiation, including source location and 
strength, must be known.  
Far-field measurements and other 
studies have shown some understanding 
of the complex behavior of the flow-
induced acoustic fields.  They have 
established that the sound source is 
directional and that the interactions 
creating the sound are located several 
meters downstream from the nozzle 
exhaust plume [1, 2]. However, for the 
most part these source mechanisms are 
not well understood and consequently 
are not able to be modeled accurately. 
For this reason, a method must be 
developed that can accurately 
characterize high-amplitude noise 
sources such as jets and rockets. 
 
II. Theory 
 
a) Near-field Acoustic Holography  
Near-field acoustic holography 
(NAH) is a method similar to optical 
holography used to determine a 3-D 
acoustic field quantity based on a 2-D 
pressure measurement [3]. Source 
characteristics can be determined using 
this method by measuring a planar array 
of pressure points (see Figure 1).  NAH  
 
 
Figure 1) An array of pressure measurements 
can be used to determine radiating source 
characteristics 
 
differs from other holographic 
techniques in that the holography plane 
must be in the acoustic near-field in 
order to have a good spatial resolution.  
The NAH method is based on the 
time-harmonic form of the linear wave 
equation known as the Helmholtz 
equation, 
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where pˆ  is the acoustic pressure and k 
is the acoustic wave number and can be 
viewed as a spatial frequency.  For 
planes waves propagating in the r-
direction pressure the solution is of the 
form 
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The pressure could be found at some 
other position rh simply by multiplying 
the k-space spectrum by a ratio of the 
two propagation distances, 
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The k-space transform can be performed 
simply via the discrete Fourier 
transform, making basic implementation 
quite efficient. 
For cases with spherical 
geometries, it becomes convenient to 
express the wave equation in spherical 
coordinates.  The pressure solution can 
be broken up into orthogonal 
components and solved using separation 
of variables. The solution is  
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where )()1( krhm  is the mth order Hankel 
function of the first kind and )(1 θmnY is 
the spherical harmonic function.  For the 
complete solution, there must also be a 
summation over the indices m and n.  
This relationship can then be used to 
determine a ratio of pressure solutions 
are two distances as shown in equation 
(1.3).  However, since the solution is 
much more complicated, it is convenient 
to remove θ and φ dependence which 
automatically simplifies the solution by 
requiring m and n to be zero. Equation 
(1.5) then reduces to 
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And the pressure ratio for spherical 
geometries then simply ‘removes’ the 
geometrical spreading.  For a one-
dimensional problem with no angular or 
azimuthal angle dependence, the 
relationship 
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can then be used to determine the 
pressure at rh merely by measuring the 
pressure at some distance r. 
 NAH has recently been used to 
characterize the source of a subsonic jet 
[4].  This technique would then 
presumable be able to characterize a 
supersonic jet or rocket also.  The 
problem however lies in the fundamental 
difference between subsonic and 
supersonic jet noise levels. 
 This relationship in equation 
(1.7) is based on equation (1.2) and 
therefore requires that the propagation is 
linear.  This assumption is only valid for 
small-amplitude disturbances and breaks 
down for large-amplitude acoustic 
pressures.  Measurements have showed 
that supersonic jet and rockets noise 
levels are indeed large enough for the 
linear assumption to break down [5-7].  
Therefore, due to elementary difference 
in propagation, it cannot be assumed 
without extensively study that NAH 
could accurately characterize a 
supersonic jet or rocket source. 
 
b) Nonlinear Effects 
 When sound fields have high 
amplitudes, higher-order terms that are 
negligible in small-amplitude acoustic 
disturbances are no longer negligible.  
The phase and wave speeds of the 
acoustic field are no longer equal and 
superposition does not apply.  The 
amplitude-dependent phase speed causes 
the wave to travel faster at higher  
 
Figure 2) A nonlinear wave will become 
steepened as the high-amplitude sections of the 
wave travel faster than the low-amplitude 
sections.  Eventually, a shock wave will form.  σ 
represents the distance propagated normalized by 
the shock-formation distance.  
 
amplitudes.  This causes an effective 
steepening of the waveform.  Eventually 
this steepened waveform will become so 
steep that the waveform is no longer 
continuous and a shock wave is formed.  
The distance required for a lossless plane 
wave to form a shock wave is given as 
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where β is the coefficient of 
nonlinearity, and M is the Mach number, 
defined as the peak particle velocity 
divided by the small signal sound speed 
[8].  Although this case is simple, it 
shows the general dependence of shock 
formation on frequency, Mach number 
and acoustic nonlinearity of the medium. 
Physically, wave steepening can 
be interpreted as energy transfer from 
one frequency to another.  Each energy 
transfer to a frequency would therefore 
appear to be radiated from a “virtual 
source” that is physically different in 
source strength as well as location than 
the original source.  Additionally, the 
shock speed is dictated by the pressure 
amplitude.  Therefore, different shocks 
will travel at different speeds. If two 
shocks form and one travels faster than 
the other, it could eventually overtake 
the slower shock.  This concept known 
as shock coalescence causes an 
effectively loss in low frequency energy 
because a zero-crossing is lost.  
Two analytical solutions exist for 
monofrequency plane waves of finite-
amplitude.  For the lossless case, the 
pressure can be expressed according to 
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where Jn  is a nth order Bessel function 
and 
x
x
=σ is the distance normalized by 
the shock formation distance.  Equation 
(1.9) is known as the Fubini solution and 
is valid in the preshock region for values 
of σ less than 1. The pressure solution is 
clearly in terms of Fourier components, 
with each component varying according 
to its respective nth order Bessel 
function. As σ approaches 1, more 
Bessel functions are non-zero, and 
therefore more Fourier components are 
included in the solution.   
Since the Fubini solution is only 
valid in the pre-shock region, it carries 
no information about the behavior of the 
actual shock itself. Fay developed a 
solution that is valid in the region greater 
than 3 shock formation distances and 
includes losses. It is defined by 
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where Γ is the Gold'berg number which 
relates the absorption to the shock 
formation distance.  In this region, an 
initially sinusoidal wave will have 
distorted enough to become a sawtooth 
wave.  Again, the Fourier components 
for the higher-order harmonics are the 
contributors to this sawtooth-like shape. 
 
III. Methods 
 
a) Propagation Algorithm 
 A numerical algorithm has been 
used for propagation which includes 
nonlinear effects and absorption [9].  
The algorithm solves a set of 
conservation equations using finite-
difference approximations of the 
derivatives and can stably propagate 
shocks.  In order to have high accuracy 
with numerical schemes, small temporal 
and spatial sizes must be used.  The 
spatial step would correspond to a finite 
number of points per wavelength and the 
temporal step represents a relationship 
with between the spatial step and the 
speed of sound.  
However, due to computational 
constraints, realistic discretization steps 
must be chosen that correspond to 
achievable domain size and run time.  In 
order to assure that the numerical 
parameters chosen are accurate, two test 
cases were performed and compared 
against the Fubini and Fay solutions.   
 The normalized decibel 
amplitude of the first five harmonics for 
the exact and numerical solutions in the 
pre-shock region are plotted against σ in 
figure 3.  The errors are small except at 
short distances for the higher harmonics.  
These errors however are insignificant 
because they are over 60 dB less than the 
fundamental.   
 
Figure 3) The numerical solution for a plane 
wave is compared to the Fubini solution in the 
pre-shock region. The normalized dB amplitude 
of the first five harmonics is shown. 
  
For propagation distances greater 
than three shock formation distances, the 
same harmonic amplitudes are shown in 
figure 4.  The errors are slightly higher, 
but still no greater than 1 dB.  These 
discretization steps are then shown to be 
a good approximation of the exact 
solution while maintaining a realizable 
run time and domain size. 
 
Figure 4) The numerical solution for a plane 
wave is compared to the Fay solution in the 
sawtooth region.  Again, the normalized dB 
amplitude of the first five harmonics is shown.  
 
b) Input Waveform 
 In order to more accurately 
match the input to the propagation 
algorithm with measured rocket or jet 
waveforms, a random-noise waveform 
was created with a spectrum similar to 
measured spectra of jets and rockets.  
The measured noise waveforms are 
random with a mean of zero relative to 
atmospheric pressure and an RMS value 
(or standard deviation) of one.  The 
spectra typically have lower frequencies 
increasing according to f  up to a peak 
frequency around 200 Hz and then 
decaying according to 2f .  On a 
logarithmic scale, this behavior appears 
as a ‘haystack.’ 
 To create a more accurate input 
matching the previously described 
characteristics, a normally distributed 
random noise signal was created with 
65536 (216) points and sampled at 500 
kHz.  The large number of samples and 
high sampling frequency allowed for a 
reasonable frequency resolution up to 2 
kHz using the propagation algorithm.  
The sequence was then multiplied with a 
‘haystack-shaped’ filter in the frequency 
domain with a peak frequency of 200 Hz 
as shown in figure 5.  The time 
appropriate waveform was then 
recovered by inverse Fourier 
transforming the spectrum.   
 
Figure 5) This ‘haystack’ spectrum (top) was 
used to filter the random noise waveform 
(bottom). 
 
Figure 6) The corresponding waveform (top) 
then was transformed back into the time domain 
(bottom).  This waveform was then inputted into 
the propagation algorithm. 
 
c) Reconstruction 
Three different propagation 
amplitudes were performed: 90 dB to 
show general linear behavior, 150 dB to 
show behavior for levels similar to those 
generated jet engines and 170 dB to 
show behavior for levels similar to those 
generated rockets.    
The waveform was then 
propagated a short distance in one 
dimension.  Spherical spreading was 
applied to simulate a spherical wave.  
The pressure spectrum was recorded at 
various distances out to 0.4 meters. The 
waveform was then transformed to the 
frequency domain and the reconstruction 
was then performed using eq. (1.7) back 
to the location of the first recorded 
waveform.  The error was computed by 
merely subtracting the reconstructed 
amplitude at each frequency from the 
actual amplitude.  The error magnitude 
between 40 Hz and 2 kHz were averaged 
for each propagation distance.   
 
IV. Results 
 
The results are presented as 
follows. Figure 7 shows a portion of the 
time waveform at a propagation distance 
of 0.03 meters while figure 8 shows a 
compression wave representation of the 
same waveform and 0.4 meters 
respectively.  The amplitude is 
normalized to show the general shape of 
the waveform.   
 
Figure 7) The waveforms of the 90 dB, 150 dB 
and 170 dB cases propagated the short distance 
of .03 meters.   
 
 Although the exact shape is 
irrelevant, the shape of the higher-
amplitude cases compared to the low-
amplitude case shows little that the 
higher amplitude waves have very little 
significant deviation from linear 
propagation.  This means that for 
propagation over short distances close to 
the source, nonlinear effects are 
negligible.   
 
 
 
Figure 8) A compression wave representation of 
the waveforms in figure 7.  The top graph 
represents 90 dB, the middle graph represents 
150 dB and the bottom graph represents 170 dB.  
All three appear to be very similar.  
  
Figures 9 and 10 show the same 
three waveforms after propagating 0.4 
meters.  The 150 dB case seems to still 
have a similar shape with only small 
hints of waveform steepening near the 
peak pressures while the shape of the 
170 dB waveform has no resemblance to 
the low-amplitude case.  There appears 
to be discontinuous portions of 
waveform where shocks have formed.  
 
Figure 9) The waveforms of the 90 dB, 150 dB 
and 170 dB cases propagated the 0.4 meters.  
The 170 dB case has changed significantly from 
the 90 dB case indicating nonlinear propagation. 
 
Figure 11 shows the error 
averaged over the frequency range 40 to 
2000 Hz.  This would then represent the 
average dB error in the reconstruction 
amplitude.  The 90 dB and 150 dB cases  
 
 
 
 
Figure 10) A compression wave representation 
of the waveforms in figure 9.  Again, the top 
graph represents 90 dB, the middle graph 
represents 150 dB and the bottom graph 
represents 170 dB.  The 170 dB case greatly 
deviates from the other two. 
 
have less than one dB error when using 
NAH to reconstruct at distances up to 
0.4 meters.  The 170 dB case however 
has errors which are greater than 2 dB at 
the farther distances.  
 
Figure 11) The reconstruction error plotted over 
distance for the three different amplitudes.  The 
170 dB cases has much larger errors due to the 
nonlinear effects in propagation.  
 
V. Conclusions  
 
 A broadband waveform with an 
appropriate spectral shape was 
propagated 0.4 meters for three 
amplitudes, 90dB, 150 dB, and 170 dB.  
The resulting waveforms were then used 
to reconstruct the spectrum at a previous 
location.  The NAH reconstruction after 
very short propagation distances have 
little reconstruction error and therefore 
indicate little effect of nonlinear effects 
over that short of a distance.  For 
propagation out to a distance of 0.4 
meters, the errors for the 150 dB case are 
still small and resemble those that from 
the 90 dB case.  This also seems to 
indicate that nonlinear propagation 
effects are small for this amplitude at 
this distance.  However, the errors for 
the 170 dB case increased dramatically 
over distance.  The shape of the 
waveform at 0.4 meters clearly shows 
that nonlinear effects are important and 
shocks have formed.  Because of this, 
the NAH reconstruction then would 
yield larger errors at this amplitude. 
 To conclude, errors are shown to 
be a function of distance and amplitude.  
It can be assumed that any finite-
amplitude source would produce some 
errors as long as there is sufficient 
propagation distance to allow for 
waveform steepening and shock 
formation. 
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